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Abstract

Data reduction methods for wet- and frosted-surface heat exchangers are reviewed, and logarithmic-mean temper-
ature difference (LMTD) and logarithmic-mean enthalpy difference (LMED) methods for data interpretation are for-
mulated, including fin efficiency expressions for flat-tube heat exchangers with constant-area fins. With these improved
formulations for data interpretation in place, the two methods are compared using a numerical simulation of a flat-plate
heat exchanger. For all conditions considered—spanning wet and frosted surfaces—the new UA-LMTD method pro-
vides the air-side convective heat transfer coefficient to within 3% and is more accurate than the HA-LMED method,
which results in large errors under some conditions.
� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

When designing or predicting the performance of a
heat exchanger, it is essential to relate the total heat
transfer rate to the overall heat conductance and driving
potential. In many air-cooling applications, condensa-
tion or frost forms on the air-side surface of a heat ex-
changer. For operating conditions with simultaneous
sensible and latent heat transfer, two analysis methods
are commonly adopted: one uses an overall heat conduc-
tance UA based on the logarithmic-mean temperature
difference (LMTD), the other uses the so-called overall
energy conductance HA based on the logarithmic-mean
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enthalpy difference (LMED). There are significant differ-
ences in these approaches and their variations reported
in the literature, and these differences can lead to large
differences in the heat transfer coefficient inferred from
heat exchanger data, or to large departures from perfor-
mance predictions. In this paper we consider data reduc-
tion and interpretation methods for heat exchangers
under conditions of simultaneous heat and mass trans-
fer. Our focus is on heat exchangers used in air-condi-
tioning, heat pumping, and refrigeration systems.

Data reduction methods based on enthalpy potential
have been widely used for condensing conditions, and
several investigators have derived and used these meth-
ods for heat exchangers operating under frosting condi-
tions. Sanders [1] presented a convincing derivation of
the overall energy conductance based on an enthalpy
potential. However, his expression for calculating fin
efficiency unnecessarily neglects heat transfer in the frost
ed.
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Nomenclature

A area (m2)
cp specific heat (J kg�1 �C�1)
gm mass transfer conductance (kg m�2 s�1)
h convective heat transfer coefficient

(W m�2 �C�1)
hsg latent heat of ablimation (for water) (J kg�1)
Hf fin height (m)
i enthalpy (J kg�1)
Dilm logarithmic-mean enthalpy difference (J kg�1)
k thermal conductivity (W m�1 �C�1)
Lf fin width (m)
_m mass flow rate (kg s�1)
q heat transfer rate (W)
R heat transfer resistance (�CW�1), or energy

transfer resistance (s kg�1)
t half fin thickness, see Fig. 7 (m)
T temperature (�C)
Tdew dewpoint temperature (�C)
DTlm logarithmic-mean temperature difference

(�C)

Greek symbols

d frost thickness (m)
g fin efficiency
x humidity ratio

Subscripts and superscripts

1d one-dimensional conduction effects in frost
layer

a moist air (i.e., dry air plus water vapor)
b base
c cold-fluid side
cond conduction
conv convection
f frost
f-f frosted-fin
fi fin
fs frost surface (fin surface in case of wet-sur-

face condition)
h hot-fluid side
i inside/inlet
l latent heat
o outside/overall
r refrigerant or coolant-side
s sensible heat
sat saturated
unf unfinned
vs accounting for variable sensible heat effects
w tube wall
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layer parallel to the length of the fin.1 Kondepudi and
O�Neal [2] derived an energy transfer coefficient in terms
of the logarithmic-mean enthalpy difference, but they
did not attempt to obtain the air-side convective heat
transfer coefficient using the enthalpy difference. Ogawa
et al. [4] used a logarithmic enthalpy difference to calcu-
late the air-side heat transfer coefficient, but they did not
separate the fin- and frost-conduction effects from the
convective heat transfer coefficient. Mago and Sherif
[3] calculated the overall heat transfer coefficient based
on an enthalpy potential, but their method for comput-
ing the fin efficiency also neglected heat transfer in the
frost layer parallel to the length of the fin.

Data interpretation using the LMED is based on sev-
eral tacit assumptions, as discussed in detail later. How-
ever, the usually small error introduced by these
assumptions has not been carefully quantified in earlier
work.Moreover, there is amajor limitation to the LMED
method: it fails when the heat exchanger surface is par-
tially wet or partially frosted. This failure occurs because
mass transfer does not take place when the saturated
1 As shown later, the fin efficiency expression developed by
Sanders [1] (as described in [13]) has an error.
humidity ratio corresponding to the surface temperature
is higher than the humidity ratio of the moist air.

The overall energy conductance HA is commonly
used to interpret heat exchanger performance for simul-
taneous heat and mass transfer; however, the overall
heat conductance UA has been more widely adopted
and often misapplied. Under frosting conditions, for
example, Stoecker [5], Barrow [6], Huffman and Sepsy
[7], and Niederer [8] all adopted a UA-based approach,
but their use of UA follows that for dry-surface condi-
tions (as do others). As shown later, this approach is
invalid and can lead to large errors when latent heat
effects are important.

In addition to difficulties in interpreting UA or HA
from an LMTD or LMED analysis, respectively, the
issue of wet- or frosted-fin efficiency is also not clearly
resolved in the literature. Assuming a linear relation
between the saturated humidity ratio and the dry-bulb
temperature over the temperature range from fin tip to
base, Wu and Bong [9] provided analytical solutions
for fin efficiency of a straight fin operating under fully
wet and partially wet conditions. For frosting condi-
tions, some researchers, such as Stoecker [5] and
Huffman and Sepsy [7], simply add another series resis-
tance to account for the conductive resistance of the
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frost. However, such a model neglects temperature vari-
ations along the frost surface, and the effects of such a
simplification can be profound (see Xia and Jacobi
[10]). Similar to the work of Sanders [1], Kondepudi
and O�Neal [11] assumed no heat transfer in the frost
layer along the fin length, and they developed an expres-
sion for fin efficiency for pin-fin heat exchangers under
frosting conditions. They used an effective heat transfer
coefficient, including latent and sensible heat transfer in
the air-side convection coefficient.

In order to avoid the error associated with neglecting
conduction heat transfer in the frost layer along the
direction of the fin length, Xia and Jacobi [10] solved
the heat conduction equation for a composite medium
consisting of a two-dimensional frost layer on a one-
dimensional fin. They provided a simplified, one-term
analytical solution for the fin efficiency, valid over a
wide range of conditions, including most frost-coated
metallic fins. An effective heat transfer coefficient is also
needed in their model, and such an approach is justified
if the sensible heat ratio is constant over the surface (this
restriction is discussed later in detail).

The technical literature is replete with methods for
reducing heat exchanger data under conditions of simul-
taneous heat and mass transfer. While the conventional
approaches of UA-LMTD and HA-LMED and simple
adaptations to dry-fin efficiency calculations are appro-
priate under some conditions, they can introduce large
errors under other conditions. In this paper, valid
LMTD and LMED approaches for wet- and frosted-
surface heat transfer will be clearly formulated—with
attention to errors in conventional application of the
methods—and expressions for fin efficiency will be
provided for both methods. With improved formula-
tions for data interpretation in place, the two methods
will be compared and evaluated using a numerical simu-
lation of a heat exchanger. A rational and consistent
approach to reducing heat exchanger data might resolve
(and avoid) disagreement over the behavior of the
heat transfer coefficient under wet- and frosted-surface
conditions.
2. Problem description

The purpose is to formulate rational, general, and
convincing methods for data reduction and interpreta-
tion applicable for wet- or frosted-surface heat exchang-
ers. The development will focus on constant-area
(straight) fins; however, an extension to other fins is
obvious. The purpose of the data reduction is to obtain
the air-side convective heat transfer coefficient from
measurements of air inlet and outlet dry- and wet-bulb
temperatures, coolant inlet and outlet temperatures,
and air and coolant mass flow rates. The tube-wall con-
duction resistance is neglected, because it is almost al-
ways negligible, and the focus is now on the air-side
resistance. The formulation of both the UA-LMTD
and HA-LMED methods is presented in the sections
that follow.
3. Logarithmic-mean enthalpy difference method

The energy transfer network for a heat exchanger
working under wet or frosting conditions is shown in
Fig. 1(a). The form of this network, and part of the ap-
peal of this formulation, is that it is directly analogous to
the dry-surface network, with a series of resistors be-
tween two enthalpies, analogous to a series of resistors
between two temperatures.

In this network, the widely accepted concept of en-
thalpy potential is used, as described in Stoecker and
Jones [12]. The heat transfer from the free-stream air
to the wet surface is expressed in the form of enthalpy
potential, i.e.,

dqa ¼ dA
h
cpa

ðia � ifsÞ. ð1Þ

In developing Eq. (1), the analogy between heat and
mass transfer is used with Len � 1, and with if(xfs � xa)
neglected, where Le is Lewis number (Pr/Sc) and if is the
enthalpy of saturated liquid water (see Stoecker and
Jones [12]). By assuming Len � 1, an error in dqa of
about 8% can be introduced at a latent heat ratio of
50% (with Le � 1.25); this approximation is the major
source of error in the LMED method.

In Eq. (1), the enthalpy at the wet surface, ifs, is taken
as that of saturated moist air at the surface temperature.
Also, in Fig. 1(a), all the enthalpies except the enthalpy of
the free-stream air, ia, are evaluated as the enthalpy of
saturated air at each corresponding temperature. In
order to derive an expression for fin efficiency and the
convective resistance of the coolant flow, Rr,conv, a
linearization between the saturation enthalpy and the
temperature of moist air is utilized, following Sanders [1]:

i ¼ aþ bT ; ð2Þ

where a and b are the coefficients for the linearization.
This linearization, within the range of the operating tem-
peratures, approximates the value of saturation enthalpy,
and introduces another source of error. Based on the
above assumptions, an overall energy conductance HA
can be derived, as shown by Kondepudi and O�Neal [2]:

HA ¼ qa
Dilm

; ð3Þ

where Dilm is the logarithmic-mean enthalpy difference.
Dilm takes different forms for different heat exchanger
flow arrangements (e.g., parallel flow and counter flow).
Neglecting the conduction resistance of the tube wall, we
have
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Fig. 1. The energy transfer network (a), heat and mass transfer network (b), and analogous heat transfer network (c) with respect to an
infinitesimal heat transfer area dAh (or corresponding dAc) for a heat exchanger operating under wet or frosting conditions.
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1

HA
¼ Rr;conv þ Ro ¼

1

Achc=b
þ 1

ghAhhh=cpa
. ð4Þ

Eqs. (3) and (4) constituteHA-LMEDmethod. It should
be noted that if the humidity ratio corresponding to the
surface temperature is higher than that of the air, no
mass transfer occurs, because there is no condensate or
frost on the surface. Thus, Eq. (1) is restricted to having
mass transfer to occur only from the moist air stream to

the surface. Neglecting this restriction causes the heat
transfer calculated from Eq. (1) to erroneously include
latent heat associated with impossible mass transfer
from the (dry) surface to the air; as shown later, this
error results in unrealistically high values of the heat
transfer coefficient to be inferred from heat exchanger
performance data. The HA-LMED method is applicable
only when the surface is fully wet or frosted, and appli-
cation to a partially wet or frosted surface requires area
partitioning and a UA-LMTD analysis of the dry por-
tion of the heat exchanger.
Next, expressions for fin efficiency and overall surface
efficiency will be developed. The overall surface effi-
ciency and fin efficiency, respectively, are

gh ¼
qa

Ahðhh=cpaÞðia � iw;oÞ
ð5Þ

and

g ¼
qfi;b

Afiðhh=cpaÞðia � iw;oÞ
; ð6Þ

where qfi,b is the total heat (sensible and latent heat)
flowing through the base of the fin, or the composite
fin (fin plus frost) for the cases of frosting conditions.
The derivations of g and gh for frosting conditions are
provided in Appendix A. The final expression for fin effi-
ciency under frosting conditions is

g ¼ 2

hhðb=cpaÞH fdf

X1
n¼1

Cnkn sin h
knH f

2df

� �

� kfit þ kfdf
sinðknÞ

kn
þ kfit
kfdf

ðcosðknÞ � 1Þ
� �� �

ð7aÞ



Table 1
Parameters used in Figs. 2 and 3

Hf mm 8.28
hh W m�2 K�1 70.4
kfi W m�1 K�1 237
kf W m�1 K�1 0.525
t mm 0.05

Fig. 2. A comparison of frosted fin efficiency, g, as calculated
by a finite-difference numerical solution (see [10]), the analytical
solution given by Eq. (7) with n = 2, the one-term approxima-
tion to the analytical solution given by Eq. (8), and the one-
dimensional approximation given by Eq. (9) for g1d.
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with

Cn ¼
2

sinðknÞ=kn

coshðknH f=2df Þ
þ kfit
kfdf

cosðknÞ
coshðknH f=2df Þ

� �

1þ sinð2knÞ
2kn

þ kfit
kfdf

� �2

k2
n 1� sinð2knÞ

2kn

� �
þ kfit
kfdf

1þ cosð2knÞ½ 


ð7bÞ

and kn is the root of

tanðknÞ ¼
kfikf t

df k2f þ ðhhb=cpaÞkfit
� 	 ðhhb=cpaÞd

2
f

kfit

 !
1

kn
� kn

" #
.

ð7cÞ
A one-term approximation to the fin efficiency is (see
[10])

g ¼ 2k
hhðb=cpaÞH fdf

tanh
kH f

2df

� �
ðkfit þ kfdfÞ; ð8aÞ

with

k ¼ df

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hhðb=cpaÞ

kfit þ df kfihhðb=cpaÞt=kf þ kf
� �

s
. ð8bÞ

Alternately, if conduction heat transfer in the frost layer
parallel to the length of the fin is neglected, the expres-
sions of g and k can be shown to reduce to

g1d ¼
2k1d

hhðb=cpaÞH fdf

tanh
k1dH f

2df

� �
ðkfitÞ; ð9aÞ

with

k1d ¼ df

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hhðb=cpaÞ

kfit þ df kfihhðb=cpa Þt=kf
� �

s
. ð9bÞ

Finally, the surface efficiency is

gh ¼ g
Afi

Ah

þ kf=df

hhðb=cpaÞ þ kf=df

� �
Ah � Afi

Ah

. ð10Þ

Comparing Eq. (9) to the expression of Sanders [1] as
presented by Kondepudi and O�Neal [13], it can be seen
that the fin efficiency as developed by Sander is incor-
rect; the error leads to the misleading conclusion that
fin efficiency increases with increasing frost thickness.
In Fig. 2, g and g1d are compared using the parametric
values of Table 1 and (b=cpaÞ ¼ 1:3, representing moist
air at �20 < T < 0 �C and 0 < RH < 80%. The values
obtained by numerically solving the governing equations
given in Appendix A (Eqs. (A.5) and (A.6)), are also
shown in Fig. 2, providing the �true� fin efficiency. As
frost grows, the frosted-fin efficiency decreases, and the
error in g1d Eq. (9) becomes larger, because of neglected
heat conduction in the frost layer parallel to the fin
length. The error exceeds 2% for frost thicker than
d = 1 mm. For frost layers with d < 1 mm, the one-term
approximation (Eq. (8)) may be used, but for d > 1 mm
at least two terms in Eq. (7) are required to keep errors
in g below 2%.
A derivation similar to that outlined in Appendix A
results in expressions for condensing conditions that
can be obtained by replacing h with hb=cpa in the expres-
sions for dry-fin efficiency; thus for condensing
conditions

g ¼ tanhðkH f=2Þ
kH f=2

; ð11Þ

with [1]

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hhðb=cpaÞ

kfit

s
ð12Þ

and

gh ¼ 1� Afi

Ah

ð1� gÞ. ð13Þ
4. Logarithmic-mean temperature difference method

A valid heat and mass transfer network for a heat
exchanger operating under wet- or frosted-surface con-
ditions is shown in Fig. 1(b). We can cast the network
of Fig. 1(b) into a form analogous to that of Fig. 1(a)
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if we define an effective heat transfer resistance to be the
temperature difference over sensible heat transfer. The
resulting network is then reduced to the one shown in
Fig. 1(c); this form of resistor network is convenient
and appealing because of its similarity to the dry-surface
and LMED networks. As an example of an effective
resistance, consider the effective convective heat transfer
resistance on the coolant side, Rr,conv,eff:

Rr;conv;eff ¼
T w;i � T r

qa;s
. ð14Þ

Then, following the approach used in dry-surface heat
exchanger analysis, an overall heat transfer coefficient
is defined as

U ¼
dqa;s

dAhDT
¼

dqa;s
dAhðT a � T rÞ

. ð15Þ

Based on Fig. 1(c), the resistance components in the
network are

1

UdAh

¼ Rr;conv;eff þ Ro

¼ 1

dAchcðdqa;s=dqaÞ
þ 1

ghdAhhh
. ð16Þ

The appropriate UA-LMTD method is derived by relat-
ing the heat transfer rates to the temperature changes on
the air and the refrigerant side,

dqa ¼ _mrcprdT r; ð17Þ

and

dqa;s ¼ � _macpadT a. ð18Þ

Noting DT = Ta � Tr, we have

dðDT Þ ¼ dT a � dT r. ð19Þ

Substituting from Eqs. (17) and (18) into Eq. (19):

dðDT Þ ¼ �dqa;s
1

_macpa
þ 1

_mrcprðdqa;s=dqaÞ

" #
. ð20Þ

From the definition of U, recognizing we will base the
overall conductance on the air-side area (i.e., UAh), we
have

dqa;s ¼ UdAhDT . ð21Þ

Substituting into Eq. (20), rearranging, and noting that
d(DT)/DT = d(lnDT),

dðlnDT Þ ¼ �UdAh
1

_macpa
þ 1

_mrcprðdqa;s=dqaÞ

" #
. ð22Þ

In general, the local sensible heat ratio dqa,s/dqa can be
expected to vary over the surface area, and expressing
it analytically to pursue a closed-form integration of
Eq. (22) requires assumptions that vitiate the generality
of the resulting solution. However, when the variation in
dqa,s/dqa is negligible the local sensible heat ratio is
equal to qa,s/qa, and Eqs. (20) and (22) can be easily inte-
grated, and combining by eliminating the term in the
square bracket gives

UA ¼
Z

U dAh ¼
qa;s

DT lm

; ð23Þ

where DTlm is the logarithmic-mean temperature differ-
ence. DTlm takes a form dependent on flow arrangement
of the heat exchanger. Because this convenient form re-
sults, we will adopt the assumption that dqa,s/dqa = qa,s/
qa (equivalent to assuming variations in dqa,s/dqa negli-
gible); in evaluating the method later in the paper, we
will explore the impact of deviations from that assump-
tion on the inferred heat transfer coefficient. Under this
assumption, Eq. (16) yields

1

UA
¼ 1

Achcðqa;s=qaÞ
þ 1

ghAhhh
. ð24Þ

Eqs. (23) and (24) constitute the method of UA-LMTD.
The method also applies to dry-surface conditions, where
dqa,s/dqa = qa,s/qa = 1 and Eqs. (23) and (24) reduce to
those of dry test conditions. The particularly interesting
cases of partially wet- or frosted-surface conditions will
also be assessed in the next section—those cases repre-
sent extreme departures from the dqa,s/dqa = qa,s/qa.

The remaining task is to develop expressions for fin
efficiency and overall surface efficiency. The overall
surface efficiency is defined as

gh ¼
qa

Ahhhðqa=qa;sÞðT a � T w;oÞ
. ð25Þ

For frosting conditions, the fin efficiency is defined as
the ratio of the total heat flowing through the base of
the composite fin (fin plus frost), to the maximum possi-
ble total heat that can be exchanged were the surface
temperature of the composite fin at the fin base temper-
ature. Invoking the assumption of constant sensible heat
ratio again, the definition of this frosted-fin efficiency
can be reduced to

g ¼
qfi;b

Afihhðqa=qa;sÞðT a � T w;oÞ
. ð26Þ

The derivation of g and gh are provided in Appendix A.
The final expressions for frosting conditions are

g ¼ 2

hhðqa=qa;sÞH fdf

X1
n¼1

Cnkn sinh
knH f

2df

� �

� kfit þ kfdf
sinðknÞ

kn
þ kfit
kfdf

ðcosðknÞ � 1Þ
� �� �

ð27aÞ

with Cn calculated using Eq. (7b), and kn being the root
of

tanðknÞ ¼
kfikf t

dfðk2f þ ðhhqa=qa;sÞkfitÞ

�
hhqa=qa;s
� 	

d2
f

kfit

 !
1

kn
� kn

" #
. ð27bÞ
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A one-term approximation to the fin efficiency is (see
[10])

g ¼ 2k
hhðqa=qa;sÞH fdf

tanh
kH f

2df

� �
ðkfit þ kfdfÞ; ð28aÞ

where

k ¼ df

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hhðqa=qa;sÞ

kfit þ df kfihhðqa=qa;sÞt=kf þ kf
� �

s
. ð28bÞ

Finally, the surface efficiency is

gh ¼ g
Afi

Ah

þ kf=df

hhðqa=qa;sÞ þ kf=df

 !
Ah � Afi

Ah

. ð29Þ

Similarly, the expressions of g and gh for condensing
conditions are

g ¼ tanhðkH f=2Þ
kH f=2

; ð30Þ

where

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hhðqa=qa;sÞ

kfit

s
ð31Þ

and

gh ¼ 1� Afi

Ah

ð1� gÞ. ð32Þ

In the above expressions for fin efficiency, the mass
transfer effects are absorbed into the air-side heat trans-
fer coefficient by assuming a constant sensible heat ratio.
More accurate expressions can be developed if the mass
transfer effects are isolated by assuming a linear relation
between the saturated humidity ratio xsat and moist-air
temperature T over the temperature range from fin tip to
fin base, i.e.,

-sat ¼ cþ eT . ð33Þ

where c and e are constants for the linearization. Invok-
ing this assumption is equivalent to assuming a linear
relationship between the sensible heat and the total heat
over the fin surface. Wu and Bong [9] used this assump-
tion to develop fin efficiency expressions for condensing
conditions. Our new derivation for frosting conditions is
given in Appendix A; the resulting expressions for fin
efficiency are

gvs ¼
2

h0hH fdf

X1
n¼1

Cn;vskn;vs sinh
kn;vsH f

2df

� �

� kfit þ kfdf

sinðkn;vsÞ
kn;vs

þ kfit
kfdf

ðcosðkn;vsÞ � 1Þ
� �� �

ð34aÞ

with Cn,vs calculated using Eq. (7b) and kn,vs, and kn,vs is
the root of
tanðkn;vsÞ ¼
kfikf t

dfðk2f þ h0hkfitÞ
h0hd

2
f

kfit

� �
1

kn;vs
� kn;vs

� �
ð34bÞ

and

h0h ¼ hh 1þ hsggme
hh

� �
. ð35Þ

A one-term approximation is (see [10])

gvs ¼
2kvs

h0hH fdf

tanh
kvsH f

2df

� �
ðkfit þ kfdfÞ; ð36aÞ

with

kvs ¼ df

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h0h

kfit þ df ½kfih0ht=kf þ kf 


s
. ð36bÞ

In Fig. 3, the values of g and gvs are compared for the
parametric values given in Table 1, with a frost thickness
of 1 mm for various values of relative humidity. The val-
ues of mass transfer conductance, gm, are related to the
convective heat transfer coefficients, hh, through the Le-
wis analogy. The values obtained by numerically solving
the governing equations for the temperature distribution
in the frosted fin, as given in Appendix A (Eqs. (A.1)–
(A.3) as appropriate), which closely represents the true
fin efficiency, are also shown in Fig. 3. In Fig. 3a, results
from using Eqs. (27) and (34) with n = 2 are shown, and
the one-term approximations given by Eqs. (28) and (36)
are shown in Fig. 3b. Clearly, the use of gvs is superior to
that of g: it predicts fin-efficiency and trends better, be-
cause it accounts for the variation of saturation state
on the fin. The relative-humidity conditions for which
no mass transfer occurs, and for which the fin is partially
frosted are also shown. In application, if a fin is partially
frosted, a portion of the fin area is frost-coated, and the
coverage would change in time. If it is desired to reduce
heat exchanger data with insensitivity to partially frosted
or partially wet conditions, and with fin efficiency errors
of less than 1%, then Eq. (34) should be adopted. It
should be noted, however, that the errors associated with
the much simpler Eq. (28) or (36) are less than about 2%,
and not much accuracy is sacrificed by their use.
5. An evaluation of the two methods

An evaluation of the two methods, HA-LMED and
UA-LMTD, will be conducted using a numerical model
of a parallel-plate heat exchanger operating in a parallel-
flow configuration. We adopt this approach because the
fin-efficiency models have been validated, and the focus
is now on assessing the impact of the fundamental
assumptions of the two methods. For simplicity, the sim-
ulation of frosting conditions is conducted at the quasi-
steady-state condition corresponding to the start of
frosting; i.e., there is not a resistance due to frost in
the numerical model. In addition to the conservation
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Fig. 3. A comparison between g, gvs and the numerical solution of fin efficiency: (a) using the series solutions with n = 2, and (b) using
a one-term approximation.

2 In Figs. 4–6, six area elements were used (to allow easy
interpretation of the local sensible heat ratio). In Table 3, 50
area elements were used. The numerical uncertainty is less than
±0.3 W m�2 K�1 for the six-element case and less than
±10�5 W m�2 K�1 for the results in Table 3.
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of energy, as expressed by Eqs. (17) and (18), the rate
equations for simultaneous heat and mass transfer are
needed. They are

dqa;s ¼ dAhhhðT a � T wÞ; ð37Þ

dqa;l ¼
dAhhsggmð-a � -wÞ; -a > -w;

0; -a 6 -w;

�
ð38Þ

dqa ¼ dAchcðT w � T rÞ; ð39Þ
dqa ¼ dqa;s þ dqa;l; and ð40Þ
dqa;l ¼ � _mahsgd-a. ð41Þ
Eqs. (17), (18), and (37)–(41) are the governing equa-
tions, and a real-mixture psychrometric relationship
gives the saturated humidity ratio as a function of the
local plate temperature, xw(Tw), at one atmosphere.
Noting dAc = dAh, the inlet air and coolant tempera-
tures and the inlet humidity, along with air- and cool-
ant-side convection coefficients and flow rates are
prescribed. The governing equations are solved numeri-
cally to find the outlet temperatures, humidity, sensible,
latent, and total heat transfer. The numerical solution
was based on a central-difference approximation to the
derivatives, with a varying discretization of the heat
transfer area.2



Table 2
Parameters used in the numerical simulation

hh W m�2 K�1 50
_ma kg=s 0.15
_mr kg=s 0.105
Ah m2 3
Ac m

2 3
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With the inlet and outlet temperatures and humidity
taken as known, along with the flow rates and the cool-
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Fig. 4. A comparison between the inferred air-side convective heat t
LMTD for air-conditioning conditions, when the true value is hh = 50
(b) hc/hh = 1.
ant-side convection coefficient, the air-side heat transfer
coefficient is calculated using the HA-LMED and UA-
LMTD methods developed in the prior sections. The re-
sults are in turn compared to the value prescribed in the
numerical model (taken as the �true� value). These tests
were conducted over a range of temperatures, relative
humidities, and coolant-side convection coefficients.
The parameters taken as fixed in all the simulations
are provided in Table 2. The coolant properties were
taken as those of ethyl alcohol. The conditions for these
numerical tests were adopted to mimic application;
0.6 0.8 1

ace conditions

0.6 0.8 1

ace conditions

ransfer coefficients from the methods of HA-LMED and UA-
W m�2 K�1 (with Ta,i = 27 �C and Tr,i = 7 �C): (a) hc/hh = 10;
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restrictions notwithstanding, the results are general as a
basis for understanding and evaluating the HA-LMED
and UA-LMTD methods.

The calculated air-side heat transfer coefficient for
varying inlet humidity is shown in Fig. 4 for two differ-
ent hc/hh ratios under air-conditioning conditions; the
corresponding variations in local sensible heat ratio
are shown in Fig. 5. The air-side convective heat transfer
coefficient calculated using the method of UA-LMTD
for dry-surface conditions, i.e., with Eq. (24) replaced
by

1

UA
¼ 1

Achc
þ 1

ghAhhh
; ð42Þ
is also shown in Fig. 4. As described earlier, it is not
uncommon for this approach to be adopted in interpret-
ing wet- and frosted-surface heat exchanger data. How-
ever, it is clear from the results that misapplication of
Eq. (42) can result in very large errors, especially at high
relative humidity. It is also evident that if the HA-
LMED method is used for dry or partially wet condi-
tions, unrealistic predictions result. Under dry-surface
conditions, the heat transfer coefficient calculated using
the UA-LMTD method developed in this paper ap-
proaches the true value (50 W m�2 K�1). For partially
or fully wet conditions, although the variation in the
local sensible heat ratio can be significant—as shown
in Fig. 5(a)—the error in the calculated heat transfer
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coefficient is small (less than 3%). The tolerance of the
UA-LMTD method to variation in dqa,s/dqa is probably
because qa,s/qa is weighted by the local heat transfer
rates integrated over area. This weighting is apparent
in Fig. 5(a), where qa,s/qa is closer to the local values
near the heat exchanger inlet, where heat transfer rates
are higher. This natural weighting by heat transfer rate,
when extracting a rate coefficient, mitigates the impact
of local variations, because the local values of dqa,s/
dqa departing the most from qa,s/qa are weighted the
least. Nevertheless, by comparing Figs. 4(a) and 5(a)
to 4(b) and 5(b), it is evident that the smaller the varia-
tion in dqa,s/dqa, the smaller the error in the calculated
heat transfer coefficient by UA-LMTD.
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Fig. 6. The calculated air-side convective heat transfer coefficients, wh
local sensible heat ratio (b) for low-refrigeration conditions (Ta,i = �
Example results for frosting conditions are provided
in Fig. 6, where the calculated air-side heat transfer coef-
ficients and variation in local sensible heat ratio are
given for hc/hh = 10. For all the conditions shown, the
UA-LMTD method provides much more accurate re-
sults than the HA-LMED method.

The maximum relative deviation in local sensible heat
ratio with respect to the total sensible heat ratio, and the
relative errors in the air-side heat transfer coefficient
calculated using HA-LMED and UA-LMTD for condi-
tions typical to air conditioning, heat pumping, medium-
temperature refrigeration (M-R), and low-temperature
refrigeration (L-R) are given in Table 3. Results are
provided for three different hc/hh and two different total
0.6 0.8 1

i

lly frosted

0.6 0.8 1

en the true value is hh = 50 W m�2 K�1 (a), and the variation in
18 �C and Tr,i = �23 �C) with hc/hh = 10.



Table 3
The relative errors in the air-side heat transfer coefficient calculated usingHA-LMED and UA-LMTD for typical evaporator operating
conditions (NA denotes partially wet/frosted or dry conditions; parameters provided in Table 2 were used unless otherwise specified)

Test conditions
(Tr,i, Ta,i, Tdew,i) [�C]

hc
hh

Ah [m2]
max

dqa;s=dqa � qa;s=qa
qa;s=qa

�����
�����

�100½%


hh;LMED � hh
hh

����
����

�100½%


hh;LMTD � hh
hh

����
����

�100½%


Condensing A-C (7,27,15) 10 0.6 5.5 7.0 0.11
3 28 NA 2.5

1 0.6 0 NA 0.0043
3 0 NA 0.0013

H-P (0,8,4) 10 0.6 3.0 7.2 0.055
3 28 NA 1.8

1 0.6 1.1 8.2 0.016
3 5.9 5.7 0.17

0.1 0.6 0 NA 0.032
3 0 NA 0.032

Frosting M-R (�7,2,0) 10 0.6 1.0 9.9 0.013
3 13 9.5 0.95

1 0.6 0.089 2.9 0.011
3 0.36 0.67 0.023

0.1 0.6 0 NA 0.032
3 0 NA 0.032

L-R (�23,�18,�20) 10 0.6 0.50 2.4 0.00021
3 4.4 1.8 0.30

1 0.6 0.15 0.37 0.011
3 0.75 0.074 0.029

0.1 0.6 0 NA 0.032
3 0 NA 0.032

H-P (�17,�8,�9) 10 0.6 0.25 6.8 0.0057
3 3.5 6.8 0.25

1 0.6 0.30 1.6 0.0084
3 1.6 2.5 0.035

0.1 0.6 0 NA 0.032
3 9.5 NA 1.3
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heat transfer areas. In general, the error in the method
of UA-LMTD is within 3%, and is smaller than
HA-LMED for all conditions.
6. Summary and conclusions

Valid HA-LMED and UA-LMTD methods for wet-
and frosted-surface heat transfer were formulated. Fin-
efficiency expressions for flat-tube heat exchangers with
constant-area fins are provided for both methods, with
improved expressions for frosted-surface conditions that
consider two-dimensional conduction of heat in the frost
layer. The UA-LMTD method is shown to provide the
best results for dry, partially wet/frosted, and fully
wet/frosted conditions. The HA-LMED method is only
applicable to fully wet/frosting conditions. For all the
conditions considered, the UA-LMTD method provided
the value of the air-side convective heat transfer coeffi-
cient within 3% and is more accurate than the method
of HA-LMED.
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Appendix A

The physical situation of interest, frost on a metallic
fin, is shown in Fig. 7(a). The dashed box, enlarged in
Fig. 7(b), shows in detail the physical system. The metal-
lic fin and the frost slab form a composite medium. The
convection coefficient, free-stream dry and wet bulb tem-
peratures, base temperature, and thermophysical proper-
ties are considered as constant. The mass deposition
occurs everywhere on the frost surface, and the frost layer
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is assumed to be of uniform thickness. There is no contact
resistance between the frost and the fin. The following
assumptions are invoked: steady-state, two-dimensional
conduction in frost layer on a one-dimensional fin, with
no internal generation, and constant properties. With
these assumptions, the fin temperature Tfi is a function
of x only, and the frost temperature is Tf(x,y).

The governing equations for the temperature distri-
bution are

kfit
d2T fi

dx2
þ kf

oT f

oy

����
y¼0

¼ 0 in 0 < x < H f=2 ðA:1aÞ

and

o2T f

ox2
þ o2T f

oy2
¼ 0 in 0 < x < H f=2; 0 < y < df ;

ðA:1bÞ

subject to

dT fi

dx

����
x¼H f=2

¼ 0;
oT f

ox

����
x¼H f =2

¼ 0; ðA:2aÞ

T fið0Þ ¼ T w; T fð0; yÞ ¼ T w; ðA:2bÞ
T fiðxÞ ¼ T fðx; 0Þ; ðA:2cÞ

and

oT f

oy

����
y¼df

¼ h
kf
ðT a � T fðx; dfÞÞ þ

hsggm
kf

ð-a � -fsðx; dfÞÞ;

ðA:2dÞ
where xfs is the saturated humidity ratio corresponding
to Tf(x,df). Note that the fully frosted condition implies
that xa is always bigger than xfs. If there is no mass
transfer between the air and the frost, Eq. (A.2d) should
be replaced by

oT f

oy

����
y¼df

¼ h
kf
ðT a � T fðx; dfÞÞ. ðA:3Þ

Xia and Jacobi [10] provided the analytical solution to
Eqs. (A.1) subject to (A.2a)–(A.2c), and (A.3). The full
series solution is

T fðx; yÞ � T a

T w � T a

¼
X1
n¼1

Cn cos
kny
df

� �
� kfit
kfdf

kn sin
kny
df

� �� �

� cosh
knðH f=2� xÞ

df

� �
; ðA:4aÞ

with Cn calculated using Eq. (7b), and kn is the root of

tanðknÞ ¼
kfikf t

dfðk2f þ hkfitÞ
hd2

f

kfit

� �
1

kn
� kn

� �
. ðA:4bÞ

Eqs. (A.4) provide a basis for deriving fin efficiencies.

Fin efficiency in the HA-LMED method. Based on
Eqs. (1) and (2), Eqs. (A.1) and (A.2) can be reduced to

kfit
d2ifi
dx2

þ kf
oif
oy

����
y¼0

¼ 0 in 0 < x < H f=2; ðA:5aÞ

and

o
2if
ox2

þ o
2if
oy2

¼ 0 in 0 < x < H f=2; 0 < y < df ; ðA:5bÞ

subject to the following boundary conditions:

difi
dx

����
x¼H f =2

¼ 0;
oif
ox

����
x¼H f =2

¼ 0; ðA:6aÞ

ifið0Þ ¼ iw; ifð0; yÞ ¼ iw; ðA:6bÞ
ifiðxÞ ¼ ifðx; 0Þ ðA:6cÞ

and

oif
oy

����
y¼df

¼ hb=cpa
kf

ðia � ifðx; dfÞÞ; ðA:6dÞ

where ifi(x) and if(x,y) are the saturated enthalpies of
moist air at corresponding temperatures. Comparing
Eqs. (A.5) and (A.6) to (A.1), (A.2a)–(A.2c) and (A.3),
the solution is obtained by replacing the T�s and h in
Eqs. (A.4) with i�s and hb=cpa .

The total heat transfer per unit fin width to the fin
surface is then calculated by

qfi;b
Lf

¼ 4 kfit=b
difi
dx

� ����
x¼0

þ
Z df

0

kf=b
oif
ox

����
x¼0

dy
�
. ðA:7Þ

Then, the fin efficiency defined by Eq. (6) is calculated to
obtain Eq. (7).
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Starting from the definition, Eq. (5), and considering
the total heat transfer as comprised of qfi,b and qw,unf,
which are the heat transfer to the frosted fin surface
and to the unfinned surface respectively, the surface effi-
ciency is obtained as

gh ¼
qfi;b

Ahðhh=cpaÞðia � iw;oÞ
þ

qw;unf
Ahðhh=cpaÞðia � iw;oÞ

. ðA:8Þ

For qw,unf, we have

qw;unf ¼ ðAh � AfiÞðhh=cpaÞðia � ifs;wÞ. ðA:9Þ

Assuming one-dimensional heat conduction in the frost
layer on the tube wall (normal to the tube wall), the sat-
urated enthalpy corresponding to the temperature of the
frost surface on the tube wall can be expressed as

ifs;w ¼ iaðhhb=cpaÞ þ iw;okf=df

ðhhb=cpaÞ þ kf=df

. ðA:10Þ

Substituting Eqs. (6), (A.9), and (A.10) into Eq. (A.8),
the expression for overall surface efficiency, Eq. (10), is
obtained.

Fin efficiency in the UA-LMTD method. Here the
mass transfer effects are included in the convective heat
transfer coefficient h by utilizing the assumption of con-
stant sensible heat ratio. Eqs. (A.1) and (A.2) remain un-
changed, except that the last boundary condition, Eq.
(A.2d) becomes

oT f

oy

����
y¼df

¼
hqa=qa;s

kf
ðT a � T fðx; dfÞÞ. ðA:11Þ

The solution can be easily obtained by replacing the h in
Eqs. (A.4) with hqa/qa,s. The details of the derivation are
omitted.

If mass transfer effects are to be isolated, and a linear
relation between the saturated humidity ratio and tem-
perature from fin tip to base is assumed, then the last
boundary condition, Eq. (A.2d), is rewritten as

oT f

oy

����
y¼df

¼ h
kf
ðT a � T fðx; dfÞÞ þ

hsggm
kf

ð-a � -a;satÞ½

þ -a;sat � -fsðx; dfÞÞð 
; ðA:12Þ

where xa,sat is the saturated humidity ratio correspond-
ing to the temperature of the moist air. Noting that
(xa � xa,sat) is constant, and using Eqs. (33) and
(A.12) becomes

oT f

oy

����
y¼df

¼ h0

kf
ðT 0

a � T fðx; dfÞÞ; ðA:13Þ

with

h0 ¼ h 1þ hsggme
h

� �
ðA:14Þ
and

T 0
a ¼ T a þ

hsggm=h
1þ hsggme=h

ð-a � -a;satÞ. ðA:15Þ

The solution to Eqs. (A.1) and (A.2) with (A.13) substi-
tuted for (A.2d) can be easily obtained by replacing h

and Ta in Eqs. (A.4) with h 0 and T 0
a.

The total heat transfer to the fin surface per unit fin
width is then calculated by

qfi;b
Lf

¼ 4 kfit
dT fi

dx

� ����
x¼0

þ
Z df

0

kf
oT f

ox

����x¼0 dy
�
. ðA:16Þ

The maximum heat transfer is (were the fin surface at the
base temperature)
qmax

Lf

¼ 2H f hðT a � T wÞ þ hsggmð-a � -w;satÞ
� �

¼ 2H fh
0ðT 0

a � T wÞ. ðA:17Þ
Thus, the fin efficiency is calculated yielding Eq. (34).
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